Boundaries of compact convex sets and fragmentability  by Kalenda, Ondřej F.K. & Spurný, Jiří
Journal of Functional Analysis 256 (2009) 865–880
www.elsevier.com/locate/jfa
Boundaries of compact convex sets and
fragmentability ✩
Ondrˇej F.K. Kalenda ∗, Jirˇí Spurný
Charles University, Faculty of Mathematics and Physics, Department of Mathematical Analysis, Sokolovská 83,
186 75 Praha 8, Czech Republic
Received 28 February 2008; accepted 11 November 2008
Available online 28 November 2008
Communicated by N. Kalton
Abstract
If X is a compact convex set in a real locally convex space, B ⊂ X is said to be its boundary if every
affine continuous function on X attains its maximum at some point of B. We study relations between
fragmentability of B and the whole set X. As a byproduct we obtain a characterization of separable Asplund
spaces. We also study the possibility of finding the Haar system in a boundary of a metrizable compact
convex set.
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1. Introduction
If X is a convex compact set (i.e., a convex compact subset of a real Hausdorff locally con-
vex space), then a subset B ⊂ X is called a boundary of X if each real-valued affine continuous
function on X attains its maximum on X at some point of B . We investigate which properties of
a boundary are transferred to the whole X. Some results of this type are contained in [21,24,30].
In [30] it is proved that the “norm-separability” can be transferred (see Section 5 for an expla-
nation and [16] for an alternative proof). The transfer of the existence of a countable network is
✩ The work is a part of the research project MSM 0021620839 financed by MSMT and partly supported by the research
grants GA ˇCR 201/06/0018 and GA ˇCR 201/07/0388.
* Corresponding author.
E-mail addresses: kalenda@karlin.mff.cuni.cz (O.F.K. Kalenda), spurny@karlin.mff.cuni.cz (J. Spurný).0022-1236/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2008.11.004
866 O.F.K. Kalenda, J. Spurný / Journal of Functional Analysis 256 (2009) 865–880proved in [24], the case B = extX is contained already in [21]. We focus namely on the transfer
of fragmentability.
Let us briefly describe the content of the paper. Section 2 contains some notation and defini-
tions used throughout the paper. Section 3 is devoted to a study of fragmentability of compact
convex sets. Its main theme is the question under what conditions we can deduce fragmentability
of a compact convex set from the fragmentability of a boundary. Positive results are summed up
in Theorem 3.1. Counterexamples showing limits of the positive results are given at the end of the
section. We also obtain another characterization of separable Asplund spaces (see Corollary 3.2).
Section 4 contains a general result on the relationship of fragmentability and the existence
of the Haar system (see Theorem 4.1). As a consequence we get an improvement of a result of
M. López-Pellicer and V. Montesinos by finding the Haar system in any analytic boundary of
a separable non-Asplund space.
In Section 5 we collect some results on transferring other properties from a boundary to the
whole compact convex set, namely the norm density and the network weight.
Remark 1.1. Our original motivation for the investigation of fragmentability was an attempt to
solve the so-called boundary problem asked by G. Godefroy [19, Question V.2], which in our
setting reads as follows:
Let X be a compact convex set and B ⊂ X a boundary. Suppose that A is a uniformly bounded
subset of A(X), the space of all affine continuous functions on X, which is compact in the
topology τB of pointwise convergence on B . Is then A compact also in the topology τX of
pointwise convergence on X?
Until recently there were only partial positive solutions, some of them quite involved,
see [3–5,8–10,32,33]. We were inspired by the observation that (in the above situation) A is
τX-compact if and only if X is fragmented by ρA (using the notation introduced in the next sec-
tion). Indeed, the only if part follows from the Namioka theorem [25, Theorem 2.3]; the if part
can be proved using [9, Theorem B(iii) ⇒ (i)] and a slight generalization of [15, Lemma 2.1.1].
However, Examples 3.6 and 3.5 show that this method could not easily yield the solution. More-
over, after the first version of our paper was submitted, the boundary problem was solved in the
positive by H. Pfitzner by a surprisingly elementary method (see [28]).
2. Notation and definitions
In this section we collect basic notation and definitions used in the paper.
If E is a Banach space, by BE we denote the closed unit ball of E. If X is a compact convex
set, A(X) is the space of all real-valued affine continuous functions on X equipped with the
supremum norm.
An important notion is the pseudometric defined by a family of continuous affine functions.
More precisely, let X be a compact convex set and A a bounded subset of A(X). We define
a pseudometric ρA on X by the formula
ρA(x, y) = sup
a∈A
∣∣a(x)− a(y)∣∣, x, y ∈ X.
It is clear that it is a lower semicontinuous pseudometric on X. Moreover, if we consider X
canonically embedded into A(X)∗ (recall that this canonical embedding is defined by assigning
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generated by a weak∗ lower semicontinuous seminorm on A(X)∗. Further, ρBA(X) is the metric
defined by the dual norm of A(X)∗. Note that the definition of ρA has a good meaning if X is
just a compact space and A a bounded subset of C(X).
In a compact convex set X we denote by extX the set of extreme points of X.
If (X,ρ) is a metric space, we write ρ-diam(A) for the diameter of a set A ⊂ X and
ρ- dist(A1,A2) for the distance between sets A1, A2 in X.
If X is a set and B a subset of X, we write τB for the topology of pointwise convergence on B
for the space RX of all functions from X to R.
Recall also that a topological space is K-analytic if it is an upper semicontinuous com-
pact valued image of a separable completely metrizable space. If the domain is allowed to
be non-complete, we get K-countably determined spaces. For a detailed study of K-analytic
spaces we refer to [31], basic facts on K-countably determined spaces can be found for example
in [15, Chapter 7].
We further recall that a space T is almost ˇCech-analytic if there is some H ⊂ T ×NN such that
the projection of H onto the first coordinate is whole T and any nonempty closed subset of H
contains a dense ˇCech-complete subset (i.e., H is hereditarily almost ˇCech-complete). This is
a large class of spaces containing all K-analytic spaces, all scattered spaces and, more generally,
the class of spaces which are called scattered-K-analytic spaces in [20], almost K-descriptive
in [22] and cover-analytic in [26].
Finally we recall definitions related to fragmentability. Let (T , τ ) be a topological space and ρ
a pseudometric on T . We say that (T , τ ) is fragmented by ρ down to ε (where ε > 0) if any
nonempty subset of T has a nonempty relatively τ -open subset of ρ-diameter less that ε. The
space (T , τ ) is said to be fragmented by ρ if it is fragmented by ρ down to ε for every ε > 0.
Further, (T , τ ) is σ -fragmented by ρ if for each ε > 0 there is a countable cover T =⋃n∈N Tn
such that each Tn is fragmented by ρ down to ε.
3. Transferring fragmentability
In this section we collect results on transferring fragmentability from a boundary to the whole
set X. Positive results form the content of the following theorem. Some limits of these results are
witnessed by Examples 3.5 and 3.6.
Theorem 3.1. Let X be a compact convex set, A a bounded set of affine continuous functions
and B be a boundary of X. Suppose, moreover, that at least one of the following conditions is
satisfied.
(a) B is K-analytic.
(b) X is metrizable.
(c) B is hereditarily Lindelöf.
Then the following assertions are equivalent.
(i) B is fragmented by ρA.
(ii) B is σ -fragmented by ρA.
(iii) For every countable C ⊂ A the space (B,ρC) is separable.
(iv) For every countable C ⊂ A the space (X,ρC) is separable.
(v) X is fragmented by ρA.
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of C(X) and B any subset of X. Namely, the implications (v) ⇒ (i) ⇒ (ii) and (iv) ⇒ (iii) are
obviously true. Moreover, (iv) ⇔ (v) by [7, Theorem 2.1].
We are interested namely in the validity of (i) ⇒ (v). In general, i.e., if B is a boundary
of X but does not satisfy any of the conditions (a)–(c), this implication is false as witnessed by
Examples 3.5 and 3.6 below.
As a corollary we get the following characterization of separable Asplund Banach spaces.
Corollary 3.2. Let E be a separable Banach space. Then the following assertions are equivalent:
(i) E is Asplund.
(ii) There exists a boundary B ⊂ BE∗ that is σ -fragmented by the norm.
(iii) Every boundary B ⊂ BE∗ is σ -fragmented by the norm.
(iv) BE∗ is fragmented by the norm.
Proof. The equivalence (i) ⇔ (iv) is well known and holds also in the nonseparable case,
see e.g. [11, Theorem I.5.2]. The implications (iv) ⇒ (iii) ⇒ (ii) are trivial. The implication
(ii) ⇒ (iv) follows from Theorem 3.1 (take X = (BE∗ ,w∗) which is a metrizable compact con-
vex set). 
Remark that this characterization is false in the nonseparable case, see Examples 3.5 and 3.6
below.
We proceed by a proof of Theorem 3.1. We will use the following lemmata. The first lemma
proves (iii) ⇒ (iv).
Lemma 3.3. Let X be a compact convex set, C a bounded set of affine continuous functions
and B be a boundary of X. If B is ρC -separable, then so is X.
In case C = BA(X) this lemma is an immediate consequence of Rodé’s theorem [30] (see also
[16, Corollary 2.4] or [17, Theorem 5.7]).
Proof. We will use [16, Theorem 2.3] and the idea of the proof of [16, Proposition 2.2].
Set D = BA(X). Without loss of generality we can suppose that C ⊂ D and hence ρC  ρD .
Suppose that B is ρC -separable. Let {bn: n ∈ N} be a countable ρC -dense subset of B . We
will prove that the convex hull of this set is ρC -dense in B . If we succeed, we are done, as the
convex hull is clearly ρC -separable. (Note that ρC is induced by a seminorm.)
For a fixed ε > 0, we set
Bn =
{
x ∈ X: ρC(x, bn) ε
}
, n ∈N.
Then each Bn is convex and closed (by lower semicontinuity of ρC ). Moreover, the sets Bn
cover B and hence by the Fonf–Lindenstrauss theorem [16, Theorem 2.3] the convex hull of⋃
Bn is ρD-dense in X. As ρC is weaker, it is also ρC -dense.n∈N
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As ε > 0 is arbitrary, we get that conv{bn: n ∈N} is ρC -dense in X and we are done. 
The following lemma shows how the case (b) of metrizable X can be reduced to the case (a)
of a K-analytic boundary.
Lemma 3.4. Let X be a metrizable space, ρ a lower semicontinuous pseudometric on X, B ⊂ X
and ε > 0. If B is fragmented by ρ down to ε, then there is a set B˜ ⊂ X containing B which is
simultaneously Fσ and Gδ and is also fragmented by ρ down to ε.
Proof. Suppose that B is fragmented by ρ down to ε. It is easy to check (using transfinite
induction) that there is a continuous increasing well-ordered family (Uα: α < κ) of open sets
covering B such that U0 = ∅ and for each α < κ we have
ρ- diam
(




Bα = B ∩ (Uα+1 \Uα), α < κ.




Bα ∩ (Uα+1 \Uα)
contains B and is fragmented by ρ down to ε. Moreover, B˜ is simultaneously Fσ and Gδ by
Montgomery’s lemma [27, Lemma 16.2]. This completes the proof. 
Proof of Theorem 3.1. Note that Lemma 3.3 proves the implication (iii) ⇒ (iv).
Further, if B is K-analytic, then (ii) ⇒ (iii) by [6, Theorem 2.1], Therefore the proof of (a) is
completed (the remaining implication being valid by the above discussion).
Let us prove (b). The only missing implication is (ii) ⇒ (iii). So suppose that B is
σ -fragmented by ρA. It follows easily from Lemma 3.4 that there is B˜ ⊃ B which is Fσδ in X
and is σ -fragmented by ρA. As this B˜ is analytic, we may use [6, Theorem 2.1] to conclude the
proof.
For the proof of (c), we have to verify (ii) ⇒ (iii) under the assumption that B is hereditarily
Lindelöf. In fact, we will prove that B is ρA-separable. Suppose it is not.
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set D ⊂ B that is δ-discrete in ρA. By (ii), the set D is σ -fragmented by ρA. Therefore we can
write D =⋃n∈NDn where each Dn is fragmented by ρA down to δ2 . We choose n ∈N such that
Dn is uncountable and set
U =
⋃
{V : V ⊂ B open, V ∩Dn is countable}.
Since B is hereditarily Lindelöf, U ∩Dn is countable. Then D′n = Dn \U is an uncountable set
such that V ∩D′n is uncountable for each open set V ⊂ B intersecting D′n. Hence every nonempty
relatively open subset of D′n has ρA-diameter at least δ. Hence D′n is not fragmented by ρA down
to δ2 . This contradiction concludes the proof. 
We continue with the examples announced above. (We refer the reader to [1] and [17] for
information on simplices.)
Example 3.5. There is a Choquet simplex X with the following properties:
(a) The set B = extX is relatively discrete and hence fragmented by any pseudometric.
(b) Each element of B is a Gδ point in X.
(c) If A is the unit ball of A(X), then X is not fragmented by ρA.
In particular, A(X) is not Asplund but the set of extreme points of BA(X)∗ is weak∗ relatively
discrete and hence fragmented by the norm metric.
Proof. We take the well-known example of a Choquet simplex from [2, Section VII] (see also
[1, Proposition II.3.17]). We briefly describe its construction. Let K = [0,1] × {−1,0,1} be
equipped with the porcupine topology, i.e., the points of [0,1] × {−1,1} are isolated and a basis
of neighborhoods of a point (t,0) is formed by sets (U × {−1,0,1}) \ {(t,−1), (t,1)}, where U
is a neighborhood of t in [0,1]. Further, set
H =
{
f ∈ C(K): f (t,0) = 1
2
(
f (t,−1)+ f (t,1)) for t ∈ [0,1]}
and let X be the state space of H, i.e.,
X = {ξ ∈ H∗: ‖ξ‖ 1 and ξ(1) = 1}.
Then X is a Choquet simplex and H is canonically identified with the space of all continuous
affine functions on X. Moreover, K canonically homeomorphically embeds into X and using
this embedding we have extX = [0,1] × {−1,1} ⊂ K .
Now it is clear that each extreme point is isolated in extX and hence (a) is proved. Further, fix
t ∈ [0,1] and define ft ∈ H such that ft (t,1) = 1, ft (t,−1) = −1 and ft = 0 elsewhere. This ft
witnesses that both (t,1) and (t,−1) are Gδ points of X (in fact, they are exposed points of X).
This proves (b).
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euclidean topology as a subset of X, we get that X is not fragmented by ρA. Take s, t ∈ [0,1]
with s < t . Define f ∈ C([0,1]) by the formula
f (u)
{= −1, u ∈ [0, s],
is linear, on [s, t],
= 1, u ∈ [t,1].
Further define h ∈ H by h(u, 
) = f (u) for (u, 
) ∈ K . Then h ∈ A and so ρA((s,0), (t,0)) 2.
To prove the ‘in particular’ part note that A(X) contains the space C[0,1] as a closed sub-
space and hence it is not Asplund while the set of extreme points of BA(X)∗ is identified with
ext(X)∪ (−ext(X)) and hence it is relatively discrete and thus fragmented by the norm. 
Example 3.6. There is a compact space K and B ⊂ K such that
(a) B is scattered (and hence fragmented by any pseudometric).
(b) B is a boundary for C(K).
(c) K is not scattered, and hence the space of probability measures M1(K) ⊂ C(K)∗ is not
fragmented by the norm.
In particular, C(K) is not Asplund space but admits a boundary fragmented by the norm.
Note that we consider K canonically embedded into the dual space C(K)∗, identifying any
point of K with the respective Dirac measure. Using this identification we understand the as-
sertion (b). Therefore, (b) means that any f ∈ C(K) attains its maximum on K at some point
of B .
Proof. It is enough to take a scattered pseudocompact space B which admits a non-scattered
compactification. We describe an easy example of such a space.
Let A denotes the set of all rational numbers from [0,1]. For each x ∈ [0,1] let Ux be a max-
imal family of infinite subsets of A which is almost disjoint (i.e., any two distinct members have
finite intersection) such that each member of Ux is the set of points of a one-to-one sequence
converging to x. Let U =⋃x∈[0,1] Ux . Then U is clearly a maximal almost disjoint family of
subsets of A. Let B be the Mrówka space defined by U , i.e., B = A∪ U such that the points of A
are isolated and neighborhoods of U ∈ U are formed by sets {U} ∪ (U \ F), F ⊂ A finite. As U
is maximal, it is easy to see that B is pseudocompact (see e.g. [13, Proposition 11.6]).
Finally, define g :B → [0,1] by
g(t) = t, t ∈ A,
g(U) = limU, U ∈ U .
Then g is continuous and g(B) = [0,1]. It follows that K = βB is not scattered. Indeed, the
ˇCech–Stone extension of g maps continuously K onto [0,1] and compact scattered spaces are
preserved by continuous images. 
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Question 3.7. Let X be a compact convex set, A ⊂ A(X) a uniformly bounded set and B ⊂ X
a boundary which is K-countably determined and σ -fragmented by ρA. Is then X fragmented
by ρA?
Note that K-countably determined spaces are a common generalization of K-analytic spaces
and separable metrizable spaces. In both these special cases the answer is positive by Theo-
rem 3.1 (note that separable metrizable spaces are hereditarily Lindelöf).
4. Fragmentability and the Haar system
In this section we will prove a theorem on embedding the Cantor set together with the Haar
system to certain non-σ -fragmented spaces. We will also give applications to the study of bound-
aries. Let us start with fixing some notation.
By 2N we denote the Cantor set, i.e., the countable Cartesian power of the two point discrete
set {0,1} for which we use the set-theoretic shortcut 2 = {0,1}. So, the elements of 2N are infinite
sequences of elements of {0,1}. The set of all finite sequences of elements of {0,1}, including
the empty sequence, is denoted by 2<N. For s ∈ 2<N and i ∈ {0,1}, we write |s| for the length
of s and s∧i for the sequence (s1, . . . , s|s|, i). If s ∈ 2<N, the symbol Δs will denote the basic
clopen subset of 2N formed by all infinite sequence which begin by the finite sequence s. The
family of the characteristic functions (χΔs : s ∈ 2<N) is the Haar system.
The above announced theorem is the following one.
Theorem 4.1. Let B be an almost ˇCech-analytic subset of a compact convex set X and
A ⊂ BA(X). Then the following conditions are equivalent:
(ii′) B is not σ -fragmented by ρA.
(vi′) There exist a countable C ⊂ A and M > 0 such that for every ε > 0 there exist a com-
pact set K ⊂ B , a family {ft : t ∈ 2<N} ⊂ M · conv(C ∪ −C) and a continuous surjective
mapping ϕ :K → 2N such that
∑
t∈2<N
‖ft − χΔt ◦ ϕ‖C(K) < ε.
Further, if all compact subsets of B are metrizable, then the mapping ϕ in condition (vi′) can be
chosen to be moreover injective.
The conditions are denoted by (ii′) and (vi′) as this theorem can be viewed as a complement
of Theorem 3.1—the condition (ii′) is the negation of the condition (ii) from Theorem 3.1. In
particular, the negation of (vi′) can be added to Theorem 3.1 as another equivalent condition if B
is K-analytic.
Corollary 4.2. Let E be a separable Banach space with nonseparable dual and B ⊂ BE∗ be
a weak∗-analytic boundary.
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a family {xt : t ∈ 2<N} ⊂ M ·BE and a homeomorphism ϕ :K → 2N such that
∑
t∈2<N
‖xt − χΔt ◦ ϕ‖C(K) < ε,
where each xt is canonically identified with a continuous function on K .
Proof. We apply Theorem 4.1 to X = BE∗ and A = BE . As E∗ is nonseparable, we get by
Corollary 3.2 that B is not σ -fragmented by ρA (which is the norm metric). Therefore (ii′) is
satisfied. The assertion now follows from (vi′). 
Corollary 4.2 in case B = extBE∗ follows from [34, Corollary 1 on p. 218] (see also
[23, Theorem 3.3]). Indeed, extBE∗ is a weak∗ Gδ set which is norm nonseparable, which are
the assumptions of the quoted results. The following question remains open.
Question 4.3. Is the assertion of Corollary 4.2 true if we omit the assumption of analyticity of B?
The rest of this section is devoted to the proof of Theorem 4.1. We prove first the easy impli-
cation.
Proof of Theorem 4.1 (vi′) ⇒ (ii′). Assume (vi′) holds. Let C ⊂ A and M > 0 be the objects
obtained by (vi′). We set ε = 14 and obtain K ,
{
ft : t ∈ 2<N
}⊂ M · conv(C ∪ −C)
and ϕ with the properties described in (vi′). Then {ϕ−1(τ ): τ ∈ 2N} is an uncountable partition







, τ1, τ2 ∈ 2N distinct.
Since
ρM conv(C∪−C) = Mρconv(C∪−C) = MρC,
K is not ρC -separable. By [6, Theorem 2.1], K is not fragmented by ρA. (In fact, it is easy to
deduce the non-fragmentability of K . Indeed, let K0 ⊂ K be a minimal closed subset such that
ϕ(K0) = 2N. Then for each nonempty relatively open U ⊂ K0 its image ϕ(U) contains at least
two points, and hence ρC- diamU  1MC . So, K is not fragmented by ρC and a fortiori it is
not fragmented by ρA.) As K is compact and ρA is lower semicontinuous, we get that K is not
σ -fragmented by ρA. Therefore neither B is σ -fragmented by ρA. 
We start the proof of the converse implication by the following lemma that is originated in the
technique of [34, Lemma 1] (see also [23, Lemma 3.2]).
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of BC(B). If B is ρA-nonseparable, then there exists M > 0 and a transfinite sequence
{




(a) gβ(xα) = 0, α < β < ω1,
(b) gα(xα) = 1, α < ω1,
(c) gα ∈ M ·AτB , α < ω1.
Proof. Given B and A as in the premise, let E stand for the linear span of A. We consider on E
the norm ‖ · ‖A that has A for the unit ball. We write ‖ · ‖∗A for the dual norm on the dual space
(E,‖ · ‖A)∗. Then the space B can be mapped onto a set ε(B) ⊂ (E,‖ · ‖A)∗ via the mapping
x → εx , where εx is the respective evaluation functional. Moreover, ρA(x1, x2) = ‖εx1 − εx2‖∗A,
x1, x2 ∈ B , and hence ε : (B,ρA) → (ε(B),‖ · ‖∗A) is an isometry.
Since B is not ρA-separable, the set ε(B) is not ‖ · ‖∗A separable. Hence there exists





: b ∈ ε(B)∩ (M2 ·BE∗ \M1 ·BE∗)
}
is contained in the unit sphere SE∗ and is not separable. By the italicized claim in the proof
of [23, Lemma 3.2], there exists η > 0 such that B ′ is not contained in
span‖·‖∗A S + ηBE∗
for any S ⊂ E∗ countable. Now we can proceed with the construction as in the proof of the
mentioned [23, Lemma 3.2]. We select b1 ∈ B ′ and x∗∗1 ∈ SE∗∗ such that x∗∗1 (b1) = 1.
Assume that α < ω1 and bβ ∈ B ′ and x∗∗β have been already chosen for all β < α. Then there
exists a point bα ∈ B ′ such that




A{bβ : β < α}
)
 η.
By the Hahn–Banach theorem, there exists a functional x∗∗α ∈ SE∗∗ such that x∗∗α = 0 on all
points bβ , β < α, and
x∗∗α (bα) = dα.
Having all the points bα ∈ B ′ and functionals x∗∗α ∈ SE∗∗ , α < ω1, constructed, we finish the
proof by defining the required objects.
First we find points xα ∈ B such that ‖εxα‖ ∈ (M1,M2) and bα = εxα‖εxα ‖∗A for α < ω1. (It is




∗∗ , x ∈ B, α < ω1.xα (εxα )
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x∗∗α (εxα ) = ‖εxα‖∗Ax∗∗α (bα)M1η.





so the family (gα) is uniformly bounded.
Further, given α < ω1, by the Goldstine theorem there is a net aν ∈ A weak∗ converging
to x∗∗α . Thus,
aν
x∗∗α (εxα )










we conclude the proof. 
Lemma 4.5. Let B be a closed metrizable subset of a compact space X and A ⊂ C(X) be a con-
vex closed symmetric subset of BC(X) such that B is ρA-nonseparable.
Then there exists M > 0 such that for every ε > 0 there exist a compact set K ⊂ B , a family
{ft : t ∈ 2<N} ⊂ M ·A and a homeomorphism ϕ :K → 2N such that∑
t∈2<N
‖ft − χΔt ◦ ϕ‖C(K) < ε.
Proof. We start the proof by using Lemma 4.4 to find M > 0 and{
(xα, gα) ∈ B ×M ·B∞(B): α < ω1
}
with the properties (a), (b) and (c) of Lemma 4.4. We fix on B a compatible metric σ with
σ -diam(B) < 1. Since (B,σ ) is a compact metric space, by discarding countably many points
and functions if necessary we may assume that U ∩ {xα: α < ω1} is uncountable whenever it is
nonempty and U ⊂ B is relatively open.
Set J = {xα: α < ω1}.
Let ε > 0 be given. We find strictly positive numbers (εn) such that
∑
n∈N 2nεn < ε.
Claim 4.5.1. For each n ∈ N, there exist functions ft ∈ M · A and relatively open sets Ut ⊂ B ,
t ∈ 2<N, with the following properties:
(a) Ut ∩ J = ∅, t ∈ 2<N,
(b) Ut∧1 ∪Ut∧0 ⊂ Ut , Ut∧1 ∩Ut∧0 = ∅, i = 0,1, t ∈ 2<N,
(c) σ -diam(Ut ) < 2−|t |, t ∈ 2<N,
(d) for each t ∈ 2<N \ {∅},
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vacuous.
We assume now that n ∈ N ∪ {0}, the construction has been completed for each t ∈ 2<N of
length not exceeding n, conditions (a), (c) and (d) are satisfied if |t |  n and condition (b) is
satisfied for |t | < n.
Step 1. For any t ∈ 2n, we find open subsets Vt∧0, Vt∧1 of B such that
• Vt∧1 ∪ Vt∧0 ⊂ Ut , Vt∧1 ∩ Vt∧0 = ∅,
• Vt∧0 ∩ J = ∅ and Vt∧1 ∩ J = ∅,
• σ - diam(Vt∧i ) < 2−|t∧i|, i = 0,1.
This is possible as Vt ∩ J is uncountable.
Step 2. Let {tj : j = 1, . . . ,2n+1} be the natural enumeration of 2n+1 (recall that we use the
shortcut 2 = {0,1}). For each j = 1, . . . ,2n+1 and t ∈ 2n+1, we find a function fj ∈ M · A and
open sets Vt,j ⊂ B such that for each t ∈ 2n+1 and j ∈ {1, . . . ,2n+1} we have
(e) Vt ⊃ Vt,j ⊃ Vt,j+1,
(f) Vt,j ∩ J = ∅,
(g) |fj (x)− χVtj ,j (x)| < εn+1, x ∈
⋃
s∈2n+1 Vs,j .
The construction will be done by induction on j . To start it, let j = 1. We first find in-
dices αl < ω1, l = 2, . . . ,2n+1, such that xαl ∈ Vtl for l = 2, . . . ,2n+1. Further, we can find
α1 > max{α2, . . . , α2n+1} such that xα1 ∈ Vt1 (as Vt1 ∩ J is uncountable). Then
gα1(xαl ) =
{
1, l = 1,
0, l ∈ {1, . . . ,2n+1} \ {1}.
Since gα1 ∈ M ·AτB , there exists a function f1 ∈ M ·A such that∣∣f1(xαl )− gα1(xαl )∣∣< εn+1, l = 1, . . . ,2n+1.
As f1 is continuous, we can find open sets Vt,1 ⊂ Vt , t ∈ 2n+1, such that xαl ∈ Vtl,1 and (g) holds
for j = 1. This finishes the first step of the construction.
Assume now that the objects have been defined for some j ∈ {1, . . . ,2n+1 − 1}. As above we
first find indices αl < ω1, l ∈ {1, . . . ,2n+1} \ {j + 1}, such that xαl ∈ Vtl,j for l ∈ {1, . . . ,2n+1} \
{j + 1}.
Further we find αj+1 > max{α1, . . . , αj ,αj+2, . . . , α2n+1} such that xαj+1 ∈ Vtj+1,j . It is pos-




1, l = j + 1,
0, l ∈ {1, . . . ,2n+1} \ {j + 1}.
We use the pointwise approximation to find a function fj+1 ∈ M ·A such that
∣∣fj+1(xα )− gα (xα )∣∣< εn+1, l = 1, . . . ,2n+1.l j+1 l
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xαl ∈ Vtl,j+1 and (g) holds for j + 1. After 2n+1 steps we finish the construction.
Step 3. For each t ∈ 2n+1, we set
• Ut = Vt,2n+1 ,
• ft = fj , where j is the index of t in the natural enumeration of 2n+1.
Then all conditions (a)–(d) are satisfied, which finishes the proof of the claim. 
















By (b) and (c),⋂∞n=1 Uτ |n is a singleton contained in B . Hence K is a subset of B homeomorphic
with 2N via the mapping




Uτ |n , τ ∈ 2N.
Let ϕ = ψ−1. We claim that {ft : t ∈ 2<N} is the required family.
Indeed, let t ∈ 2<N be given. If x ∈ ψ(Δt ′) for some t ′ of the same length as t , then (d) yields
that
∣∣ft (x)− 1∣∣ ε|t |, t ′ = t, ∣∣ft (x)∣∣ ε|t |, t ′ = t,
hence
‖ft − χΔt ◦ ϕ‖C(K)  ε|t |.
By adding all these estimates together we get
∑
t∈2<N
‖ft − χΔt ◦ ϕ‖C(K) < ε.
This finishes the proof. 
Proof of Theorem 4.1 (ii′) ⇒ (vi′). Assume that B is an almost ˇCech-analytic subset of a com-
pact convex set X that is not σ -fragmented by ρA, where A ⊂ BA(X). According to [26, Theo-
rem 5.2], there exists a compact set L ⊂ B that is not fragmented by ρA. Using [6, Theorem 2.1]
we find a countable set C ⊂ A such that L is not ρC -separable.
We enumerate C = {hn: n ∈N} and define ψ :X →RN by
ψ(x) = (h1(x), h2(x), . . .), x ∈ X.
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restricted to X′. (Note that hn = h′n ◦ ψ , n ∈ N.) We write C′ = {h′n: n ∈ N} and notice that
L′ = ψ(L) is ρC′ -nonseparable. Hence L′ is not ρconv(C′∪−C′)-separable as well.
We use Lemma 4.5 to get M > 0. We claim that M is the sought number. To this end, let ε > 0
be given. According to Lemma 4.5, there exist a homeomorphism ϕ :K ′ → 2N of a compact set
K ′ ⊂ L′ onto 2N and a family {f ′t : t ∈ 2<N} ⊂ M · conv(C′ ∪ −C′) such that
∑
t∈2<N
∥∥f ′t − χΔt ◦ ϕ∥∥C(K ′) < ε.
By setting
K = L∩ψ−1(K ′) and ft = f ′t ◦ψ, t ∈ 2<N,
we finish the proof.
To verify the particular case, we assume that every compact subset of B is metrizable. We fol-
low the above proof until finding L. Since L is metrizable by the assumptions, we use Lemma 4.5
directly to conclude the proof. 
5. Transferring other properties
It is natural to ask whether some other properties can be transferred from a boundary to the
whole space. We will briefly address two such properties—the network weight (i.e., the mini-
mal cardinality of a network, see [14, p. 127]) and the norm density (the minimal cardinality
of a ρBA(X) -dense subset). In both cases the countable case can be transferred. In case of the
norm density it follows from the Rodé theorem [30] (see also Lemma 3.3 above). The case of
network weight follows from [24, Theorem 2.6] (the particular case of extreme points is proved
in [21, Theorem 4.6]).
We collect some examples showing that uncountable values of the norm density and the net-
work weight need not transfer from a boundary to the whole space. We start by two examples
concerning the norm density.
Example 5.1. Under Martin’s axiom there is a compact convex set X (even a Bauer simplex)
such that extX has cardinality 2ω and the ρBA(X) -density of X is strictly greater than 2ω.
Proof. By a result of D. Fremlin and G. Plebanek [18, Theorem 3A], under Martin’s axiom there
exists a compact space K of cardinality 2ω such that K admits 22ω mutually orthogonal Radon
probability measures. From this fact the proof easily follows.
Indeed, extreme points of X = M1(K) are just Dirac measures and hence are weak∗ home-
omorphic to K . Moreover, they are norm discrete, so the density of this set is equal to the
cardinality of K . On the other hand, the norm density of M1(K) is equal to the norm density
of C(K)∗ and this is greater than the density of extreme points. 
We note that under continuum hypothesis the cardinality of this K is ℵ1, hence we get a coun-
terexample of the smallest possible cardinality.
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is a boundary of X with cardinality |Γ |ω . In particular, if |Γ | = 2ω, the norm density of X is
strictly larger than the norm density of a boundary.
Proof. As E∗ = ∞(Γ ), it is well known and easy to see that the norm density of X is 2|Γ |. For
a boundary we can take
B = {(xγ ) ∈ X: (∀γ ∈ Γ ) (xγ ∈ {−1,0,1}) and {γ ∈ Γ : xγ = 0} is countable}.
Then B is clearly a boundary and |B| = |Γ |ω. 
We continue by an example concerning the network weight. Recall that for a compact space
the network weight coincides with the weight and that the network weight of a space is not
greater than its cardinality.
Example 5.3. There is a compact space K of weight 22ω such that there is a boundary B ⊂ K
for C(K) of cardinality 2ω.
Proof. Take K = {0,1}22ω . Then obviously the weight of K is 22ω . By [12, §3] there is a dense
countably compact subset B ⊂ K of cardinality 2ω. (It is easy to construct B starting from an
arbitrary dense subset of cardinality 2ω.) As B is countably compact and dense, it is a boundary
for C(K). This completes the proof. 
In case B is the set of all extreme points, there are some more positive results. By [29, The-
orem 3.2] for the set of extreme points the network weight and the weight coincide. Moreover,
the weight of the whole set X equals to the (network) weight of extX if either X is a Choquet
simplex [29, Theorem 3.4] of extX is Lindelöf [29, Theorem 3.3]. It is an open question whether
this equality holds in general:
Question 5.4. If X is a compact convex set, is it true that weight of X is equal to the (network)
weight of extX?
As remarked above, for extX the weight and the network weight coincide. For a general
boundary it is not the case. Note that in Example 5.3 the weight of B is equal to 22ω (it is easy
to check that any dense subset of {0,1}Γ has weight equal to |Γ |). Hence, the network weight
of B is strictly smaller than its weight. Further, the weight of B is equal to the weight of K .
Therefore it is natural to ask whether the weight of a compact convex set is equal to the weight
of any boundary.
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